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ANALYSIS OF THE FREE VIBRATION OF THE ROTATING DISK 

Ryosaku HASHIMOTO, Akio  NAGAMATSU and  S e i i c h i  M I C H I M U R A  

Abstract 

The v i b r a t i o n  o f  t h e  r o t a t i n g  d i s k  a n a l y z e d  w i t h  t h e  

f i n i t e  e l e m e n t  method w i t h  c o n s i d e r a t i o n  g i v e n  t o  t h e  e f f e c t  

o f  t h e  c e n t r i f u g a l  f o r c e .  A fan-shaped  e l emen t  i s  p roposed  

f o r  the  f i r s t  t i n e  b y  t h e  a u t h o r s  f o r  t h e  a n a l y s i s  o f  b o t h  

i n - p l a n e  and  bend ing  d e f o r m a t i o n s  o f  t h e  s h e l l  s t r u c t u r e .  The 

c a l c u l a t e d  r e s u l t  o f  t h e  n a t u r a l  modes and  t h e i r  f r e q u e n c i e s  

o f  a model d i s k  a r e  compared wi th  t h e  e x p e r i m e n t a l  o n e s ,  a n d  

t h e  b o t h  r e s u l t s  a g r e e  w e l l  q u a n t a t i v e l y .  

1. INTRODUCTION 

Along w i t h  t h e  changes  seen i n  r o t a t i o n a l  m e c h a n i c a l  

d e v i c e s ,  e g .  g a s  t u r b i n e  e n g i n e s  . . . e tc .  toward h i g h e r  s p e e d ,  

l i g h t e r  we igh t  a s  well  a s  l a r g e r  s i z e ,  t h e  u s a g e  c o n d i t i o n  o f  

t h e  moving p a r t s  ( r o t a r y  p a r t s )  i s  becoming more and more 

severe. A t  t h e  time o f  d e s i g n i n g  r o t a r y  mach ine ry ,  i t  i s  

becoming i n c r e a s i n g l y  i m p o r t a n t  t o  u n d e r s t a n d  n o t  o n l y  t h e  

s t a t i c  c h a r a c t e r i s t i c s  o f  t h e  r o t a r y  p a r t s  s u c h  as  t h e  

d i s t r i b u t i o n  o f  the  c e n t r i f u g a l  s t r e s s  b u t  a l s o  some o f  t h e  

k i n e t i c  c h a r a c t e r i s t i c s  s u c h  a s  t h e  s p e c i f i c  cycle  o f  

v i b r a t i o n  o r  t h e  s p e c i f i c  mode ( b o t h  a r e  c a l l e d  t h e  s p e c i f i c  
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p a i r ) .  

q u e s t i o n  w i t h  some bas ic  d a t a  so  t h a t  s a i d  s p e c i f i c  p a i r  o f  

t h e  o p t i o n a l l y  shaped  r o t a t i n g  d i s k s  c a n  be c o r r e c t l y  g r a s p e d .  

The o b j e c t i v e  o f  t h i s  r e s e a r c h  i s  t o  p r o v i d e  t h e  above  

The a n a l y s i s  o f  t h e  r o t a t i n g  d i s k  h a s  been a c c o m p l i s h e d  

i n  t h e  p a s t  a c c o r d i n g  t o  t h e  method deve loped  by  

R a y l e i g h - R i t z .  I t  h a s  become a p p a r e n t ,  however ,  t h a t  t h e  

a p p l i c a t i o n  o f  t h e  e x i s t i n g  method i s  d i f f i c u l t  i n  t h e  a t t e m p t  

t o  a n a l y z e  t h e  o p t i o n a l l y  shaped r o t a t i n g  d i s k s .  I t  i s  

b e l i e v e d  t h a t  t h e  a n a l y s i s  based upon t h e  l i m i t e d  element 

method i s  t h e  most s u i t a b l e  f o r  t h i s  pu rpose .  In t h i s  s t u d y ,  

t h e  r o t a t i n g  d i s k s  a re  r ega rded  a s  t h e  s h e l l  s t r u c t u r e  

c o n s i s t i n g  o f  t h e  c o m b i n a t i o n  of t h e  p l a n e  elements which  

receive t h e  i n n e r  s t r e s s  and t h e  b e n d i n g  s t ress  a t  t h e  same 

time. Accord ing  t o  t h i s  method, a new f a n  shaped  e l e m e n t  t h a t  

i s  s u i t a b l e  f o r  t h e  a n a l y s i s  of t h e  non-symmetr ic  

t r a n s f o r m a t i o n  o f  t h e  symmetr ic  s h e l l  s t r u c t u r e  as  w e l l  as  t h e  

a n a l y s i s  o f  v i b r a t i o n  h a s  been d e v e l o p e d .  Using t h e  above  

d e s c r i b e d  e l e m e n t ,  a program was p r e p a r e d  th rough  t h e  u s e  of  

t h e  l i m i t e d  e l e m e n t  method i n  o r d e r  t o  conduc t  t h e  a n a l y s i s  o f  

v i b r a t i o n  c o n s i d e r i n g  t h e  i n f l u e n c e  o f  t h e  c e n t r i f u g a l  f o r c e .  

Using t h e  program,  a sample q u e s t i o n ,  a c a l c u l a t i o n  on a 

s i m p l y  shaped d i s k ,  h a s  been s o l v e d .  The answer which was 

compared w i t h  t h e  r e s u l t  o f  t h e  e x p e r i m e n t  h a s  been found  t o  

b e  i n  p e r f e c t  match.  
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2 .  ANALYSIS OF NUMERICAL VALUES TLIKOUGH THE USE OF 

THE LIMITED ELEMENT METHOD 

I n  t h i s  c h a p t e r ,  e x p l a n a t i o n  o f  t h e  non-symmetr ic  

v a r i a t i o n s  of  s y m m e t r i c  s h e l l  s t r u c t u r e s  s u c h  a s  r o t a t i n g  

d i s k s  o r  f a n  shaped  s t r u c t u r e s  which were n e w l y  d e v e l o p e d  i n  

t i rde r  t o  conduc t  t h e  v i b r a t i o n  a n a l y s i s  w i l l  be p r o v i d e d .  

Using t h e  above  d e s c r i b e d  o b j e c t s ,  a v i b r a t i o n  a n a l y s i s  method 

which c o n s i d e r s  t h e  i n c r e a s e d  r i g i d i t y  by t h e  c e n t r i f u g a l  

f o r c e  i s  d e s c r i b e d .  

Assuming t h a t  a r o t a t i n g  d i s k  i s  a s y m m e t r i c  s h e l l  

s t r u c t u r e  c o n s i s t i n g  of  a number o f  p l a n e  e l e m e n t s  which 

r e c e i v e  t h e  i n n e r  s t ress  and t h e  bend ing  s t ress  

s i m u l t a n e o u s l y ,  d e f o r m a t i o n  (of  t h e  s y m m e t r i c  s h e l l  s t r u c t u r e )  

b y  t h e  i n n e r  s t ress  and b y  t h e  bending  s t r e s s  can be  

c o n s i d e r e d  s e p a r a t e l y  as  long  a s  t h e  e x t e n t  o f  t h e  d e f o r m a t i o n  

i s  minimal .  T h e r e f o r e ,  t h e  r i g i d i t y  m a t r i x  o f  t h i s  s t r u c t u r e  

can be o b t a i n e d  b y  s e e k i n g  t h e  r i g i d i t y  m a t r i x  o f  t h e  i n n e r  

e l e m e n t  a s  w e l l  a s  t h e  bending  m a t r i x  o f  t h e  bending  e l emen t  

i n d i v i d u a l l y  a n d  by combining  t h e s e  two t y p e s  of  i n f o r m a t i o n .  

Keys  

E : Young's  c o e f f i c i e n t  

: Poisson's r a t i o  

h : t h i c k n e s s  o f  t h e  b o a r d  

: d e n s i t y  P 
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s u r f a c e  

j o i n t  i 

: s p e c i f i c  a n g l e  v i b r a t i o n  number 

: column c o o r d i n a t e  system 

: e l e m e n t  c o o r d i n a t e  s y s t e m  

: d i s p l a c e m e n t  e l e m e n t  w i t h i n  t h e  s u r f a c e  

: d i s p l a c e m e n t  c o e f f i c i e n t  w i t h i n  t h e  

: s u r f a c e  d i s p l a c e m e n t  o f  j o i n t  

- --\::] : s u r f a c e  s t r a i n  

r,P, 
: s u r f a c e  s t r e s s  

: j o i n t  d i s p l a c e m e n t  by t h e  bend o f  t h e  

{ J b )  
[ r \ l b ]  : o u t e r  s u r f a c e  d i s p l a c e m e n t  c o e f f i c i e n t  

( e  b }  : bend ing  s t r a i n  

: o u t e r  s u r f a c e  d i s p l a c e m e n t  o f  t h e  j o i n t  

: b e n d i n g  s t r e s s  (moment) 

[DbJ  : bend ing  e l a s t i c i t y  m a t r i x  

Cw\ P J : volume m a t r i x  ( i n n e r  s u r f a c e  

d i s p  lacemen t ) 

bJ : volume m a t r i x  ( o u t e r  s u r f a c e  
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d i s p l a c e m e n t )  

CKf'] : r i g i d i t y  m a t r i x  ( i n n e r  s u r f a c e  

d i s p l a c e m e n t )  

(K b] : r i g i d i t y  m a t r i x  ( o u t e r  s u r f a c e  

d i s p l a c e m e n t )  

) e" } : a d d i t i o n a l  s t r a i n  by t h e  e a r l y  s t r e s s  

: ear ly s t r e s s  

[ G] : a n g u l a r  m a t r i x  

[ KG] : a d d i t i o n a l  r i g i d i t y  m a t r i x  

( ~ b }  

{ ~ f }  

(rJ1J 

: e q u i v a l e n t  j o i n t  f o r c e  ( o u t e r  s u r f a c e  

d i s p . )  

: + e q u i v a l e n t  j o i n t  f o r c e  ( i n n e r  s u r f a c e  

d i s p . )  

: t o t a l  volume m a t r i x  

[ .K-) : t o t a l  r i g i d i t y  m a t r i x  

(s, f : j o i n t  a m p l i t u d e  v e c t o r  

2 . 1  I n n e r  s u r f a c e  r i g i d i t y  

I f  w e  c o n s i d e r  t h e  fan shaped  e l emen t  a s  shown i n  

F i g .  1,  two d i s p l a c e m e n t  elements ( U p ,  U e )  must  be p r e s e n t  

w i t h i n  o n e  j o i n t  and  t h e  i n n e r  s u r f a c e  d i s p l a c e m e n t  must be 

d e c i d e d  b y  t h e  f i g u r e s  o f  e i g h t  components  w i t h o u t  h e s i t a t i o n .  
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The most s i m p l i f i e d  f o r m u l a  which d e p i c t s  t h e  d i s p l a c e m e n t  

toward  t h e  d i r e c t i o n  o f  t h e  r a d i u s  i s  a s  f o l l o w s :  

ur = [ l e  €. 7. €73 (aP1 (1) 

The f i x e d  n u m b e r l d y c a n  b e  shown i n  the f o l l o w i n g  

f o r m u l a s  u s i n g  t h e  c o n d i t i o n s  a t  the j o i n t .  

By s o l v i n g  t h e  e q u a t i o n  ( 2 ) , { d p ]  can be shown u s i n g  

t h e  d i s p l a c e m e n t  s f o l l o w s .  0 

By a p p l y i n g  t h e  formula  ( 3 )  t o  t he  f o r m u l a  ( l ) ,  t h e  

f o l l o w i n g  f o r m u l a  (Formula  4 )  can  be formed:  

6 



The d i sp lacemen t (u0 )  toward t h e  d i r e c t i o n  o f  t h e  

c i r c u m f e r e n c e  ( o f  t h e  c i r c l e )  can a l s o  be o b t a i n e d  t h r o u g h  t h e  

same method. A c c o r d i n g l y ,  t h e  d i s p l a c e m e n t  c o e f f i c i e n t  o f  t h e  

e l e m e n t  b y  t h e  i n n e r  s u r f a c e  d i s p l a c e m e n t  can be shown 

a c c o r d i n g  t o  t h e  f o l l o w i n g  fo rmulas .  

&,P 

P 

The s t r a i n  a t  t h e  o p t i o n a l  p o i n t s  w i t h i n  t h e  e l e m e n t  

c a n  be d e t e r m i n e d  b y  t h e  f o l l o w i n g  t h r e e  components which 

ur 6 0  
> = - + - ,- rae 

au, u, _ -  - +-  

c o n t r i b u t e  t o  t h e  

(€PI= 

7- 

i n n e r  works.  

. rae  at- 

‘6i I 
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From t h e  F i g .  1 ,  t h e  f o l l o w i n g  fo rmula  i s  

e s t a b l i s h e d :  

I f  t h e  fo rmula  ( 6 )  i s  r e - w r i t t e n  u s i n g  t h e  f o r m u l a s  

( 5 )  a n d  ( 7 ) ,  t h e n  i t  w i l l  become a s  f o l l o w s :  

0 1 0 0  0' 
1 1  I 

,o -1 0 i p 0 ,' 

(cP)=-- 1; 0 0 0 0 1 I I 
L 1  

However, Lambda and Beta can  b e  d e t e r m i n e d  t h r o u g h  

t h e  f o l l o w i n g  fo rmula :  

pl lo  o l o o o '  
: 0  -1 0 1 j 0.r  

(9) 

1101 

ill1 

Then ,  t h e  formula  ( 8 )  c a n  b e  r e - w r i t t e n  a s  f o l l o w s :  

8 



If  { E ? }  = [qq, t h e n  [Bp] can be shown a s  

f o l l o w s  from t h e  fo rmula  ( 1 2 ) .  
, 

{G')=CBPlldP) '131 

The fo rmula  which  shows t h e  r e l a t i o n s h i p  between t h e  

s t ress  and t h e  s t r a i n  i s  a s  f o l l o w s :  

{df  } i n d i c a t e s  s t r e s s ,  { E ? }  i n d i c a t e s  s t r a i n ,  

a n d  [Up] i n d i c a t e s  t h e  e l a s t i c i t y  m a t r i x  as shown below: 
I 114 

1 1  

I L I  

I 
I 

[SP) =- - ix;IY) 

( a P ) =  iDp:(€p) 

I 1  Y 0 

,o 0 ( l - u ) / ? ,  

'16 
€ 1  

[ D p ) = - ,  ~ Y 1 0 
I 

15' 1- Y 

The r i g i d i t y  m a t r i x  can  be o b t a i n e d  a s  f o l l o w s  from 

t h e  minimum c o n d i t i o n  o f  t h e  e n t i r e  p o t e n t i a l  ene rgy :  
I 1 

'1: (KP9) = A  ff -(Y)T!X)T!Dp)(X)(Y)d€di 1% 
(9; =/ !SITIDl(B)d (vel) I 1 

I f  t h e  t h i c k n e s s  o f  t h e  element i s  d e f i n e d  a s  h ,  a n d  

i f  t h e  f o r m u l a s  ( 1 4 )  a n d  (16 )  a r e  s u b s t i t u t e d  w i t h  t h e  f o r m u l a  

( 1 7 ) ,  t h e  f o l l o w i n g  fo rmula  which i n d i c a t e s  t h e  r i g i d i t y  

m a t r i x  o f  the e l e m e n t  b y  t h e  i n n e r  d i s p l a c e m e n t  c a n  be formed. 

2 . 2  Bending r i g i d i t y  

Deformat ion  b y  bending c a n  be p r o v i d e d  by  t h e  t h r e e  

components  - o u t e r  ve r t i ca l  d i s p l a c e m e n t  Omega and  two 

r o t a t i o n s d , .  and $ 0 .  

The c o e f f i c i e n t  o f  the s h a p e  must  b e  d e f i n a b l e  by 

t h e  component of  t h e  j o i n t  d i s p l a c e m e n t ,  i n  o t h e r  w o r d s ,  b y  

9 



twelve p a r a m e t e r s .  A c c o r d i n g l y ,  a s suming  t h a t :  

- a,+ a le  +a, 7 + a, ea+ T + ~ Q  7' 
W -  

+a, e$+ a I et q+ a, e ++a io  7'+alle3q 
+a,,€+= [ P l ( a * l  1191 

[ P I  can be shown a s  f o l l o w s :  
IP' = [ I ,  E. 7. e: E 7 * 7 !  E ?  €5. E?! 13 e=q. €$I 

Qa 

I f  t h e  d i s p l a c e m e n t  of Omega and t h e  r o t a t i o n  a r e  

i n d i c a t e d  b y  t h e  j o i n t  d i s p l a c e m e n t  v e c t o r  a t  t h e  j o i n t  i, 

t h e n  t h e  f o l l o w i n g  fo rmula  can b e  e s t a b l i s h e d :  

From t h e  F i g .  2 ,  Gamma a n d  T h e t a  c a n  be shown i n  t h e  

f o l l o w i n g  fo rmulas :  

T = T O +  L E 
e = e, + e 7 

i 

i 
m !  

The f o l l o w i n g  formula  c a n  b e  o b t a i n e d  b y  

s u b s t i t u t i n g  t h e  f o r m u l a  ( 2 2 )  w i t h  t h e  f o r m u l a  ( 2 1 ) :  
I 
I 

The f o r m u l a  ( 2 3 )  can be r e l w r i t t e n  a s  f o l l o w s :  
_ -  - -  - 

{a: I = [a1 1-1 { a: 1 w 

Note: [ a ; ]  a n d  {ai61 c a n  be  r e p l a c e d  b y  t h e  

10 



f o l l o w i n g :  

I f  t h e  f o r m u l a  ( 1 9 )  i s  s u b s t i t u t e d  w i t h  ( 2 4 ) ,  t h e n  

t h e  f o l l o w i n g  f o r m u l a  c a n  be o b t a i n e d :  

The t o t a l  j o i n t  d i s p l a c e m e n t  c a n  be shown a s  f o l l o w s  

u s i n g  t h e  f o r m u l a  ( 2 6 ) :  
l a :  1 

I a t  I 
Note: [ A ]  a n d  [C]-' can be shown i n  t h e  f o l l o w i n g  

f o r m u l a s :  

F i g .  2 Bending d i s p l a c e m e n t  



The fo rmula  ( 2 7 )  i s  s o l v e d  

osl 
( a b ) =  [ C I I A I  t a b )  follows : 

and  [db) i s  o b t a i n e d  a s  

The d i s p l a c e m e n t  w i t h i n  t h e  element shown a s  t h e  

d i s p l a c e m e n t  a t  f o u r  j o i n t s  i s  as  f o l l o w s :  

w =  (Pllabl = (~)(cl(~l(a*)=inP)(ab) 
091 

A c c o r d i n g l y ,  t h e  d i s p l a c e m e n t  c o e f f i c i e n t  which 

receives t h e  e f f e c t  o f  bend ing  i s  shown i n  the f o l l o w i n g  

formula: 
Wl = [ P ) ( C ) ( A )  m 

The bending  s t r a i n  can be shown i n  t h e  f o l l o w i n g  

t h r e e  r a t i o s  as shown n e x t :  

a W  

raear rLae - 2 -  ab + 2 -  

G e n e r a l i z e d  s t ress  i n  o p p o s i t i o n  t o  t h e  above  c a n  be 

o b t a i n e d  b y  t h e  f o l l o w i n g  formula :  

12  



I f  t h e  t h i c k n e s s  i s  h a n d  t h e  P o i s s o n ' s  r a t i o  i s  v ,  

t h e n  the following fo rmula  can be e s t a b l i s h e d :  

M I  
I 

The fo rmula  (31) can b e  r e - w r i t t e n  th rough  t h e  use  

o f  Lambda = Gamma/ L ,  Beta = 1 / T h e t a  as  fol lows:  

From the f o r m u l a  ( 1 9 ) ,  t h e  following f o r m u l a s  c a n  be 

13 



By s u b s t i t u t i n g  t h e  formula  ( 3 4 )  w i t h  t h e  f o r m u l a s  

( 2 8 )  a n d  ( 3 5 ) ,  t h e  f o l l o w i n g  formula  c a n  be e s t a b l i s h e d :  
1 1  

{ € b )  =- - --IX*lLY*!~cJ:All6bJ 
53 

LZ 2 2  

By r e - w r i t i n g  t h e  formula wh ich  i n d i c a t e s  t h e  s t r a i n  

and d i s p l a c e m e n t  as ( € * I  = [ B * ) ( d * )  1 (37), t h e  

f o l l o w i n g  fo rmula  c a n  be e s t a b l i s h e d  from t h e  f o r m u l a  ( 3 6 ) :  
I 

1 1  
(@) =- - - i X b ) ( Y * : L C ) ~ A l  d 

LZ A 2  

The r i g i d i t y  m a t r i x  by b e n d i n g  c a n  be shown as  

f o l l o w s  p r o v i d e d  t h a t  t h e  t h i c k n e s s  o f  t h e  e l e m e n t  i s  f i x e d  

w i t h i n  t h e  e l emen t :  

2 . 3  Mass m a t r i x  

The g e n e r a l  f o r m u l a  of t h e  mass m a t r i x  i s  shown a s  

O ~ ~ O W S :  [,,,I = / [ N i ~ p i N ~ d ( v o i )  UM 

I n  t h e  above  f o r m u l a ,  [ N ]  a n d  Rho i n d i c a t e  t h e  

d i s p l a c e m e n t  c o e f f i c i e n t  and d e n s i t y  r e s p e c t i v e l y .  

The mass m a t r i x ,  a c c o r d i n g  t o  the same manner a s  t h e  

r i g i d i t y  m a t r i x ,  may b e  g a i n e d  by combining  t h e  m a t r i x  

o b t a i n e d  b y  t h e  i n n e r  s u r f a c e  d i s p l a c e m e n t  and  t h e  bending  

d i s p l a c e m e n t  , which a r e  s e p a r a t e l y  o b t a i n e d .  The mass m a t r i x  

b y  t h e  i n n e r  s u r f a c e  d i s p l a c e m e n t  i s  a s  f o l l o w s  t h r o u g h  t h e  

1 4  



u s e  o f  t h e  f o r m u l a s  ( 4 0 ) ,  ( 5 )  and ( 7 ) :  

I t  must be n o t e d  t h a t  t h e  t h i c k n e s s  o f  t h e  e l e m e n t  

( h )  i s  f i x e d  and  t h a t  t a n d  Lambda are d e f i n e d  as  f o l l o w s :  

The mass m a t r i x  b y  bend ing  c a n  be o b t a i n e d  a s  

f o l l o w s  th rough  t h e  u s e  of t h e  f o r m u l a s  ( 4 0 ) ,  (30)  a n d  ( 2 2 ) .  
I 1  

( m b ~ = p ~ ~ z  e ( A I I C I T ~ ~  I, t e + t )  

X [ P I T (  PI dEd rl (C) ( A )  

I 
I 

@a 

2 . 4  I n f l u e n c e  o f  t h e  c e n t r i f u g a l  f o r c e  

The s h a p e  o f  r o t a t i n g  d i s k s  w i l l  be changed  by  t h e  

c e n t r i f u g a l  f o r c e  a t  t h e  time of r o t a t i o n .  A t  t h i s  time, i t  

i s  assumed tha t  the i n n e r  s u r f a c e  s t ress  {do) i s  i n f l u e n c e d  

b y  t h e  e x t e r n a l  d i s p l a c e m e n t  (Omega). I f  t h e  same problem i s  

t rea ted  a c c o r d i n g  t o  t h e  l i n e a r  mode, t h e  ex te rna l  

d i s p l a c e m e n t  w i l l  g e n e r a t e  a d d i t i o n a l  e x p a n s i o n  a t  t h e  c e n t e r  

p l a n e  o f  t h e  boa rd  toward t h e  d i r e c t i o n  o f  t h e  r a d i u s  and t h e  

c i r c u m f e r e n c e  ( o f  a c i r c l e ) .  'The d i s p l a c e m e n t  toward t h e  

r a d i u s  d i r e c t i o n  ( d r )  changes  t o  d r ' .  

A c c o r d i n g l y ,  t h e  a d d i t i o n a l  s t r a i n  toward t h e  r a d i u s  

d i r e c t i o n  w i l l  be a s  f o l l o w s :  
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w 

I n  the same manner, the s t r a i n  toward the 

circumference (o f  the  c i r c l e )  and t he  shear  s t r a i n  w i l l  become 

a s  shown below: 

i 

F i g .  3 Increase i n  the length o f  t h e  neu t r a l  plane b y  t he  

a3 M2tmraPhmEsotgtm 

Through the generation o f  t h e  s t r a i n  a s  described 

above, t h e  p e r  f i xed  cubic  measurement p o t e n t i a l  energy by the 

inner  sur face  e a r l y  s t r e s s  ( cen t r i fuga l  fo rce )  w i l l  be 

The above formula can a l so  be re -wr i t ten  a s :  
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x ((Id 

N o t i c i n g  t h a t  

aw - 
aT 

t h e  a n g l e  o f  t h e  i n c l i n e  o f  t h e  b o a r d  

U9 * =(GI I ab)  

The i n c l i n e  a n g l e  m a t r i x  [GI c a n  be e s t a b l i s h e d  

u s i n g  t h e  f o r m u l a  ( 2 9 1  and t h e  f o r m u l a  shown below.  From t h e  

F i g .  2 ,  t h e  f o l l o w i n g  f o r m u l a s  a r e  se t  up f i r s t :  

r = r o + ~ ~  , e = e , + w  

From t h e  above  f o r m u l a s ,  t h e  f o l l o w i n g  f o r m u l a s  a r e  

e s t a b l i s h e d :  

1 

L 

0 -  

0 

1 

- 

e r  
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From t h e  f o r m u l a s  ( 2 0 )  a n d  ( 2 9 ) ,  t h e  f o l l o w i n g  

f o r m u l a  c a n  be e s t a b l i s h e d :  

From 

f o r m u l a  c a n  b e  
a W  

a, 
a ul 

- 

- 
ra 8 

From 

se t  up: 

t h e  f o r m u l a s  (51) a n d  ( 5 4 ) ,  t h e  a d d i t i o n a l  

r i g i d i t y  m a t r i x  c a n  b e  o b t a i n e d  a c c o r d i n g  t o  t h e  f o l l o w i n g  

[No te ]  The i n n e r  surface f o r c e  ([603) can b e  

o b t a i n e d  from t h e  f o r m u l a s  ( 1 2 )  a n d  ( 1 5 )  u s i n g  t h e  f o l l o w i n g  

f ormula :  
I 

2 . 5  The c o n s t a n t  n o d a l  p o i n t  f o r c e  b y  t h e  c e n t r i f u g a l  

f o r c e  
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Accord ing  t o  t h e  f i n i t e  e l e m e n t  method,  t h e  s t ress  

on t h e  boundary t h a t  i s  a p p l i e d  t o  the e l emen t  o r  t h e  

d i s t r i b u t i o n a l  l o a d  w i t h i n  t h e  element can be d e f i n e d  a s  t h e  

s t a t i c a l l y  e q u i v a l e n t  j o i n t  f o r c e .  I n  o t h e r  words ,  t h e  

e q u i v a l e n t  j o i n t  f o r c e  [ Fp) i s  shown by  t h e  f o l l o w i n g  f o r m u l a s  

p r o v i d e d  t h a t  t h e  d i s t r i b u t i o n a l  l o a d  w i t h i n  t h e  element i s  

g i v e n  t h e  v a l u e  0 f C . P ) .  

1 Fp 1 = -) IN)* {  P l d  ("01) 671 

From t h e  F i g .  4 ,  t h e  d i s t r i b u t i o n a l  l o a d  b y  t h e  

c e n t r i f u g a l  f o r c e  i s  shown a s  f o l l o w s :  

[Note]  Rho = d e n s i t y ;  Omega = a n g u l a r  s p e e d ;  t = 

Delta o /  L ;  Tau = Tau o + L X i .  

The i n n e r  s u r f a c e  e q u i v a l e n t  j o i n t  f o r c e  i s  o b t a i n e d  

by s u b s t i t u t i n g  t h e  f o r m u l a s  ( 5 )  a n d  ( 5 8 )  w i t h  t h e  f o r m u l a  

( 5 7 )  

The fo rmula  (59 )  i n d i c a t e s  t h e  e q u i v a l e n t  j o i n t  

f o r c e  by t h e  c e n t r i f u g a l  f o r c e  w i t h i n  t h e  s u r f a c e .  The  

e q u i v a l e n t  j o i n t  f o r c e  by  t h e  c e n t r i f u g a l  f o r c e  o u t s i d e  t h e  

s u r f a c e  i s  a l s o  o b t a i n e d  by s u b s t i t u t i n g  t h e  f o r m u l a s  (30) and 
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(58 )  w i t n  t h e  fo rmula  ( 5 7 ) .  

T h e  fo rmula  ( 6 0 )  i n d i c a t e s  t h e  e q u i v a l e n t  j o i n t  

f o r c e  b y  t h e  c e n t r i f u g a l  f o r c e  o u t s i d e  t h e  s u r f a c e .  

2 . 6  'The problem of  t h e  c h a r a c t e r i s t i c  v a l u e  

Through the method d e s c r i b e d  u p  t o  t h e  p r e v i o u s  

c h a p t e r ,  t h e  r i g i d i t y  m a t r i x  and t h e  mass matrix a r e  o b t a i n e d ,  

and t h e  f o l l o w i n g  k i n e t i c  e q u a t i o n  c a n  be  e s t a b l i s h e d .  [No te ]  

[MI i n d i c a t e s  t h e  mass m a t r i x ,  a n d  L K ]  i n d i c a t e s  t h e  r i g i d i t y  

m a t r i x .  of)('dt +(it-){ a ) = o  611 1 

S i n c e  t h e  e n t i r e  p o i n t s  o f  t h e  s y s t e m  move a c c o r d i n g  

t o  t h e  same p h a s e  i n  f r e e  o s c i l l a t i o n ,  t h e  f o l l o w i n g  forrnula  

can be set up: ( a \ = { a , ) s l n o t  &2 

From t h e  above  fo rmula ,  t h e  f o l l o w i n g  f o r m u l a  can b e  

e s t a b l i s h e d :  
( 8 )  = - o * { a , ) s i n o t  63 

By s u b s t i t u t i n g  t h e  formula  ( 6 2 )  w i t h  ( 6 1 ) ,  t h e  

f o l l o w i n g  fo rmula  o f  t h e  c h a r a c t e r i s t i c  v a l u e  problem c a n  be 

e s t a b l i s h e d  p r o v i d e d  that{&}# 0 : 

I ( K l -  o2IM1 I = 0 6 - 1  

The above  c h a r a c t e r i s t i c  v a l u e  problem was s o l v e d  

u s i n g  t h e  sub - space  r e p e t i t i o n  method i n  o r d e r  t o  o b t a i n  t h e  
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i n d i v i d u a l  p a i r .  

F i g .  4 The c e n t r i f u g a l  f o r c e  a p p l i e d  t o  t h e  e l e m e n t  

7 

I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 
I 

I I I 

I I 
I 

I - - _ _ _ _ _ _ _ _ _ _  J E; iittran 
~ 

B5 %%tSlRlsgrW I 

1. t i t a n i c  acid ba r ium ( f o r  o s c i l l a t i o n )  2.  t i t a n i c  a c i d  

b a r i u m  ( f o r  r e c e i v i n g )  3 .  a n  o s c i l l o s c o p e  f o r  m o n i t o r i n g  

4 .  a d i g i t a l  c o u n t e r  5 .  a n  a m p l i f i e r  6 .  a low f r e q u e n c y  

2 1  



o s c i l l a t o r  7 .  a n  o s c i l l o s c o p e  8 .  a t es t  body 

F i g .  6 O s c i l l a t i o n  mode 

( 1 - 0 )  (2-0) I 

3 .  METHOD OF THE EXPERIMENT 

The  e x p e r i m e n t  was car r ied  o u t  a c c o r d i n g  t o  t h e  s c h e m a t i c  

c h a r t  shown i n  F i g .  5 .  I n  o t h e r  words ,  a p r e s s u r e  element ( a  

t i t a n i c  a c i d  bar ium magne t i c  p i e c e )  i s  a t t a c h e d  t o  t h e  

r o t a t i n g  d i s k  a t  t h e  l o c a t i o n  ( a t  t h e  center of  t h e  r o t a t i n g  

d i s k )  where t h e  bend moment i n  p r i m a r y  v i b r a t i o n  mode i s  t h e  

h i g h e s t .  The v i b r a t i o n  s t r a i n  t h a t  i s  g e n e r a t e d  as  t h e  r e s u l t  

i s  d e t e c t e d  b y  t h e  p i e z o e l e c t r i c  element. What h a s  been 

d e t e c t e d  b y  t h e  p i e z o e l e c t r i c  e l emen t  i s  changed i n t o  e l e c t r i c  

s i g n a l ,  and  t h e  waveform o f  t h e  e l e c t r i c  s i g n a l  i s  o b s e r v e d  by 

a n  o s c i l l o s c o p e  i n  o r d e r  t o  o b t a i n  t h e  n a t u r a l  o s c i l l a t i o n .  

The v i b r a t i o n  mode was observed  t h r o u g h  t h e  o s c i l l a t i o n  c h a r t .  
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The v i b r a t i o n  mode t h a t  i s  o b t a i n e d  b y  t h e  

e x p e r i m e n t a t i o n  i s  shown i n  ( n - s )  form i n  F i g .  6 .  The n 

i n d i c a t e s  t h e  number o f  t h e  j o i n t s ,  and  t h e  s i n d i c a t e s  t h e  

number o f  t h e  j o i n i n g  c i rc les .  

4 .  COMPARISON A N D  DISCUSSION OF THE RESULT OF THE CALCULATION 

AND THE EXPERIMENT 

Exper iment  and  c a l c u l a t i o n  were c a r r i e d  o u t  f o r  t h e  d i s k  

t h a t  i s  shown i n  Tab. 1 a n d  F i g .  7 ( A )  o f  which i n n e r  

c i r c u m f e r e n c e  i s  immobi l ized .  The number o f  t h e  n a t u r a l  

o s c i l l a t i o n  t h a t  i s  o b t a i n e d  a s  t h e  r e s u l t  i s  shown i n  Tab. 2. 

A c c o r d i n g  t o  t h e  Tab. 2 ,  t h e  a c t u a l  ( e x p e r i m e n t a l )  f i g u r e  a n d  

t h e  t h e o r e t i c a l  f i g u r e  o f  t h e  n a t u r a l  o s c i l l a t i o n  a re  a l m o s t  

t h e  same. Yet, t h e  number o f  t h e  o s c i l l a t i o n  a t  t h e  n i n t h  

a t t e m p t  shows h i g h e r  d i s c r e p a n c i e s  ( a p p r o x i m a t e l y  10 a ) .  T h i s  

i s  t h o u g h t  t o  be d u e  t o  t h e  rough d i v i s i o n  o f  t h e  e l e m e n t .  I f  

t h e  h i g h  degree of  n a t u r a l  p a i r  w i t h  complex o s c i l l a t i o n  mode 

i s  t o  be o b t a i n e d ,  i t  i s  b e l i e v e d  t h a t  t h e  e l e m e n t  d i v i s i o n  

t h a t  i s  carried o u t  i n  d e t a i l  is t h e  e s t  answer .  The  

c a l c u l a t i o n  w a s  done  u s i n g  t h e  element d i v i s i o n  (60  e l e m e n t s ,  

70 j o i n t s )  as  shown i n  F i g .  8 .  

The  expe r imen t  was done on t h e  p l a n e  boa rd  a s  shown i n  

F i g .  7 ( A ) .  I t  must be n o t e d  t h a t  t h e  s h a p e s  a s  shown i n  ( B )  
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and ( C )  c a n  a l s o  be a n a l y z e d  u s i n g  t h e  program p r e p a r e d  a s  a 

p a r t  o f  t h i s  e x p e r i m e n t a t i o n .  I t s  r e s u l t  i s  shown i n  Tab.  3 .  

A c c o r d i n g  t o  t h e  r e s u l t ,  t h e  d i s k s  s h a p e d  l i k e  ( B )  o r  ( C )  h a v e  

less number o f  n a t u r a l  o s c i l l a t i o n  compared w i t h  t h e  d i s k s  of  

( A )  s h a p e .  

Nex t ,  a c a l c u l a t i o n  was done on  the  i n f l u e n c e  o f  the  

c e n t r i f u g a l  f o r c e .  The r e s u l t  i s  shown i n  Tab. 4 .  The 

n a t u r a l  o s c i l l a t i o n  a t  the time o f  r o t a t i o n  showed h i g h e r  

l e v e l  ( o f  n a t u r a l  o s c i l l a t i o n )  t h a n  a t  t h e  time of  immobi l i zed  

c o n d i t i o n .  T h i s  i s  t h o u g h t  t o  be d u e  t o  t h e  i n c r e a s e d  

r i g i d i t y  d u e  m a i n l y  t o  the c e n t r i f u g a l  f o r c e .  

Tab .  1 N a t u r e  of  t he  d i s k  

Material Aluminum b o a r d  ( p l a t e )  

Young's c o e f f i c i e n t  7200Kg/ s q u a r e  m m  

D e n s i t y  0.2755 x 1 0  kg sec / mm 

Poisson's r a t i o  0 . 3 3  

T h i c k n e s s  o f  t he  b o a r d  2.0 m m  

O u t e r  r a d i u s  150 mm 

I n n e r  rad i u s  30 m m  

Tab. 2 C a l c u l a t i o n  and expe r imen t  f i g u r e s  
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104 107 1 

2 

3 

4 

5 

6 

7 

8 

9 

115 1 113 

136 153 

276 291 

492 494 

71 7 71 9 

74 3 776 

74 5 735 

857 930 

number o f  t h e  j o i n t ;  s :  number o f  t h e  j o i n i n g  c i r c l e )  

( 1  - 0 )  

(0 -0) 

( 2  - 0 )  

( 3  -0) 

( 4  -0) 

( 0 - 1 )  

( 1  -1) 

(5 -0) 

( 2 - 1 )  

Tab. 3 C a l c u l a t i o n  f i g u r e s  

2 109 

3 I :z 1 133 

4 276 275 

491 

6 674 

7 743 703 

8 744 

9 857 745 I 821 

92 

129 

274 

489 

573 

605 

734 

739 

1. O s c i l l a t i o n  # 

lGl&S(R.P.M )q 0 I 2500 

104 1 114 

Tab. 4 Number o f  t h e  f i r s t  n a t u r a l  o s c i l l a t i o n  d u r i n g  

r o t a t i o n  

So00 7500 

140 175 

( f o r  t h e  f i g u r e  shown i n  F i g .  7 ( A )  ) 
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1. KPM 2 .  number o f  the f i r s t  n a t u r a l  o s c i l l a t i o n  

F i g .  7 Cross  s e c t i o n a l  f i g u r e  o f  t h e  r o t a t i o n  d i s k  

F i g .  8 D i v i s i o n  of  the  e l emen t  



. 

5. CONCLUSION 

The f o l l o w i n g  c o n c l u s i o n  has been o b t a i n e d  a s  t h e  r e s u l t  

o f  t h i s  e x p e r i m e n t :  

1. C o n s i d e r i n g  r o t a t i o n  d i s k s  o f  o p t i o n a l  s h a p e s  a s  

s h e l l  s t r u c t u r e s ,  a f a n  s h a p e d  b o a r d  e l e m e n t  which  r e c e i v e s  

the  i n n e r  s u r f a c e  f o r c e  a s  w e l l  a s  t h e  bend e f f e c t  

s i m u l t a n e o u s l y  h a s  been d e v e l o p e d .  Us ing  t h e  above  e l e m e n t ,  a 

program t o  a t t a i n  t h e  n a t u r a l  p a i r  h a s  been d e v e l o p e d .  

2 .  O s c i l l a t i o n  t e s t  o f  t h e  r o t a t i n g  d i s k  was c a r r i e d  

o u t .  The r e s u l t  of t h e  test  and t h e  c a l c u l a t i o n  matched w e l l .  

3 .  Although the e x p e r i m e n t a t i o n  was c a r r i e d  o u t  on 

models  w i t h  r a t h e r  s i m p l e  s h a p e s ,  t h e  above  d e s c r i b e d  program 

c a n  be a p p l i e d  t o  a n a l y z e  t h e  o s c i l l a t i o n  of d i s k  shaped  o r  

c o n e  shaped  devices s u c h  a s  c o m p r e s s o r s ,  t u r b i n e s  and  o t h e r s  

which  have more complex shapes. 
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